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Relative Extrema of Functions 


Defintion - Relative Extrema of a Function 


A function / has a relative (or local) maximum at c if /(c) > f(x) for all values of 
x in some open interval I containing c. Similarly, / has a relative (or local) 
minimum at c if /(c) < f{x) for all values of x in some open interval I containing c. 


0 A function may have one or more Relative Extrema. 

■ Absolute maximum is the maximum of relative maximums (if relative 
maximum exists). 

■ Absolute minimum is the minimum of relative minimums (if relative minimum 
exists). 

■ I will be of the form (c — e, c + e) for some e > 0. 
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Relative Extrema of Functions 



■ The extrema of the function on the domain [a, d\ 

I Relative minimum at t = a and t = c, Relative maximum at t = b and t = d 
m Absolute minimum at t = c, Absolute maximum at t = d 

< fiP ► < 1 ► < ! ► 
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Relative Extrema of Functions 



■ The extrema of the function on the domain [a, d] 

a Relative minimum at t = b and t = d, Relative maximum at t = a and t = c 

■ Absolute minimum at t = b, Absolute maximum at t = c 

■ Note that / is not differential at t = c 

< fiP ► < 1 ► < ! ► 
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Relative Extrema of Functions 


Theorem - Fermat’s Theorem 


If / has a relative extremum at c, then either f'(c) = 0 or f'(c) does not exist. 


Proof - Fermat’s Theorem 


Theorem is of the form p ==> {q V r), which is equivalent to (p A -> q) ==4=- r. So, 
we assume that / has a relative extremum at c and / is not differentiable at c, 
then we will prove that / 7 (c) = 0. 
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Relative Extrema of Functions 


Proof - Fermat’s Theorem 


Suppose that / has a relative maximum at c (similar proof can be given if / has a 
relative minimum at c). 

If / is not differentiable at c, then there is nothing to prove. 

So, suppose that f'(c) exists. 

Since / has a relative maximum at c, then there exists an open interval, I , such 
that f(x) < f(c) for all x in I. 

Then we can choose h to be positive and sufficiently small so that c + h lies in I 



c 
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Relative Extrema of Functions 


Proof - Fermat’s Theorem 


then, 


/(c + h) < /(c), since, c + h 6 I 
so, f(c + h) - f(c) < 0 


(1) 


Multiplying both sides of the inequality (1) by 1 /h, where h > 0, we obtain, 


f{c + h) - /(c) < Q 
h 

Taking the right-hand limit of both sides of this inequality gives: 


so, 


lim 

h— »o+ 


/(c + h) - /(c) 
h 


< lim 0 

h— »0+ 


f'(c) < 0 since, f'(c ) exists and lim 0 = 0 

h-+ o+ 


( 2 ) 
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Relative Extrema of Functions 


Proof - Fermat’s Theorem 


Next, we pick h to be negative and sufficiently small (so that c + h lies in I). 

f{c + h) < /(c), since, c + h e I 


so, f(c + h) - f(c) < 0 


( 3 ) 


Multiplying both sides of the inequality (3) by 1/h, where h < 0, then the 
inequality will be reversed, we obtain, 


f(c + h) - /(c) 
h 


> 0 


Taking the left-hand limit of both sides of this inequality gives: 


lim 

h->o- 


f(c + h ) - /(c) 
h 


> lim 0 

of 


so, f'(c) > 0 since, f'(c) exists and lim 0 = 0 

/i—> o _ 


( 4 ) 
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Relative Extrema of Functions 


Proof - Fermat’s Theorem 


From (2)(/'(c) < 0) and (4)(/'(c) < 0), we get, /'(c) = 0. 

This proves the theorem for the case in which / has a relative maximum at c. The 
case in which / has a relative minimum at c can be proved in a similar manner 


Fermat’s Theorem - Geometric meening 


In the interval /, the tangents to y = f(x ) to the left of c have positive slope, the 
slope of the tangent line decreases and becomes zero as it reaches c(see : 

Tangent approaches from left of c). 

The tangents to y = f(x) to the right of c have negative slope, the slope of the 
tangent line increases and becomes zero as it reaches c(see : 

Tangent approaches from right of c). 
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THANK YOU 


Software used: 

GNU/Linux 
TeXLive - Beamer 
Python-matplotlib, Numpy 



